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Abstract
The aim of this note is to remove an implausible assumption in Moser’s theorem
[1] to establish our new theorem 1 which gives a lower estimate for the sum
p+c2ρ on Riemann hypothesis. Corollary 1 gives a rather plausible construction
of infinitely many models of universe with positive density(ρ) and pressure(p)
since it makes use of the state equation in the form of an inequality.
Keywords: Riemann hypothesis, Riemann-Siegel function, State equation,
Relativistic cosmology.
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1. Introduction
Let ζ(s) denote the Riemann zeta-function with s = σ + it a complex vari-
able [2]. It is known that ζ(s) has infinitely many zeros, denoted by ρ = β + iγ
in the critical strip 0 < σ < 1 and a positive proportion of them lie on the
critical line σ = 12 . The Riemann hypothesis states that all the non-trivial zeros5
of ζ(s) lie on the critical line. We abbreviate in this paper, “under the truth of
the Riemann hypothesis” to “on the RH”, which means that all the non-trivial
zeros are of the form ρ = 12 + iγ.
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We introduce the standard notation on the RH:
χ
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+ it
)
= piit
Γ
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t
2
)
Γ
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4 + i
t
2
) , (1)
and
ϑ(t) =
1
2
argχ
(
1
2
+ it
)
, (2)
where Γ denotes the gamma function. Then, we can write
ζ
(
1
2
+ it
)
= e−iϑ(t)Z(t). (3)
Here Z(t) is the so-called ‘Riemann-Siegel’ function and it is known that Z(t) is10
a real differentiable and hence a continuous function and so infinitesimal calculus
is applicable to it. Let 0 < γ′ < γ′′ be ordinates of the two neighboring zeroes
of the zeta function. Then Z(γ′) = Z(γ′′) = 0 and hence by Rolle’s theorem it
follows that there exits a t0 in the interval (γ
′, γ′′) such that Z ′(t0) = 0.
J. Moser [1] studied the behavior of the Riemann zeta function on the critical
line and applied it to relativistic cosmology on the RH in the last portion of
the paper in order to show the existence of infinitely many universes. While
proving this fact Moser says that by the Littlewood-Titchmarsh Ω- theorem [2,
p. 204], we have the following: Let {t˜0} be a subsequence of the sequence {t0}
such that ∣∣∣∣ζ
(
1
2
+ it˜0
)∣∣∣∣ > 1t˜α0 , 0 < α ≤ 1. (4)
or, it can also be expressed as
|Z(t˜0)| > A2 exp
(
logβ t˜0
)
, β <
1
2
, (5)
where A2 is a positive constant and subsequently we follow the notation of
Moser to denote a positive constant with or without suffixes. However, from
‘Titchmarsh omega theorem’ there is no guarantee that one can choose such
a sequence {t˜0} as a subsequence of the sequence {t0} consisting of stationary
points of Z(s). Since his argument about construction of infinitely many uni-
verses ultimately depends on the existence of the sequence {t˜0} for which both
Z ′(t˜0) = 0 (6)
2
and (5) hold and there may not be such a sequence, it is not possible to confirm15
the truth of this result.
The aim of this note is to remove this unproven hypothesis and confirm
the construction of infinitely many models of universe with postive density and
pressure without a requirement of (6) to be fulfilled.
Theorem 1. There exists an infinite sequence {t0} such that20
(p+ c2ρ) > A1(log log log t0)
2
, (7)
where c is the speed of light in vacuum, ρ and p are the density of matter and the
pressure as functions of time and are also denoted by ρ(t) and p(t), respectively.
Corollary 1. If p and ρ are related by C1ρ < p ≤
c2
3 ρ, C1 > 0 being a constant,
then there exists a sequence {δ(t0)} with δ(t0) > 0 such that
p(t) > A1(log log log t0)
2
> 0, t ∈ [t0 − δ(t0) < t0 + δ(t0)], (8)
i.e., there exists an infinitely many models of the universe with positive pressure
and density.
25
The basis of relativistic cosmology is the following system of A. A. Friedman
equations
Gc2ρ =
3
R2
(
kc2+R′
2
)
, (9)
Gp = −
2R′′
R
−
R′
2
R2
−
kc2
R2
(10)
where the cosmological constant is not being considered. G represents the
gravitational constant and the curvature index k can take the values amongst
(−1, 0, 1). The scale factor R(t) denotes the radius of curvature of the universe
for k = 1, p(t) and ρ(t) are defined above and the prime indicates the derivative
w.r.t. time. Therefore, there are two equations for three unknown variables of
time ρ(t), p(t) and R(t)). In order to find the solution, we may eliminate one of
3
them on postulating the “state equation” given by
F (ρ, p) = 0. (11)
We usually study a model of the universe with zero pressure but the behavior
of the universe is also studied in the case, e.g., [3, p. 387]
p =
c2ρ
3
, (12)
i.e., in the case of the maximum pressure p(t) under a given density ρ(t). This
restriction is natural from physics point of view. We also need essential physical
restrictions to the density and pressure given by
ρ > 0, p ≥ 0. (13)
Since ρ > 0 is true if only R(t) 6= 0, we postulate the behavior of the radius
of the universe so that the physical condition on pressure given by the second
inequality in (13) is satisfied in a certain interval of time. We construct (on the
RH) an infinite set of models of the universe under the postulate on R(t):
R(t) = |Z(t)|, k = +1, (14)
and viewing the time variable t as the imaginary part t of the complex variable30
s.
2. Proof of the result
Lemma 1. We have [4, p. 308] for t→∞
ζ
′′
(
1
2 + it
)
ζ
(
1
2 + it
) =∑
γ
1
(t− γ)2
+
{
ζ′
(
1
2 + it
)
ζ
(
1
2 + it
)
}2
+O
(
1
t
)
, (15)
where the sum is over all ordinates of the non-trivial zeros of ζ(s) and t does
not coincide with any of them. This condition is valid throughout.
Proof. We apply the formula for differentiation of the quotient in the form(
f
g
)′
=
f ′
g
−
fg′
g2
. (16)
4
Riemann’s explicit formula which is valid for all s 6= ρ is
ζ′
ζ
(s) = b−
1
s− 1
−
d
ds
log Γ
(s
2
+ 1
)
+
∑
ρ
(
1
s− ρ
+
1
ρ
)
, (17)
where ρ runs through all non-trivial zeros of the Riemann zeta function with
d
ds
log Γ (s) = log s−
1
2s
− 2
∫ ∞
0
u
(u2 + s2)(e2piu − 1)
du, (18)
It is explicit because the logarithmic derivative of the Riemann zeta function
is expressed explicitly in terms of the non-trivial zeros, while trivial zeros are
contained in the second formula. Differentiating both sides of the first equality
in (17) and using (16), we deduce that
ζ′′
ζ
(s) =
∑
ρ
1
(s− ρ)
2 +
{ζ′
ζ
(s)
}2
+
1
(s− 1)
2 −
d2
d2s
log Γ
(s
2
+ 1
)
. (19)
The third term on the right can be estimated as O
(
1
|s|
)
. Hence, in particular,35
on the RH, we deduce (15).
We may now give a simplified proof of Moser’s main formula.
Lemma 2. On the RH we have [1, p. 34]
∑
γ
1
(t− γ)2
= −
d
dt
(
Z ′(t)
Z(t)
)
+O
(
1
t
)
. (20)
Proof. The logarithmic derivative of
ζ
(
1
2
+ it
)
= e−iϑ(t)Z(t) (21)
gives
ζ′
(
1
2 + it
)
ζ
(
1
2 + it
) = ϑ′(t)− Z ′(t)
Z(t)
. (22)
We now apply formula (16) to deduce
d
dt
(
Z ′
Z
)
=
Z
′′
(t)
Z(t)
−
{
Z ′(t)
Z(t)
}2
= iϑ
′′
(t)−
d
dt
(
ζ′
ζ
)
(23)
= iϑ
′′
(t)−
ζ
′′
(
1
2 + it
)
ζ
(
1
2 + it
) +
{
ζ′
(
1
2 + it
)
ζ
(
1
2 + it
)
}2
.
We now deduce (20) on comparing (23) and (15).
5
Lemma 3. (Littlewood’s estimate [2, p. 223]) For ordinates γ′ < γ′′ of con-40
secutive zeros of the Riemann zeta function we have
γ′′ − γ′ <
A
log log log γ′
. (24)
Lemma 4. (Titchmarsh Ω- theorem [2, p. 201]) There exists a sequence {t0}
such that
|Z(t0)| > A2 exp
(
logβ t0
)
, β <
1
2
. (25)
The basis of our construction of infinitely many universes is the postulate
(14) i.e. the radius of the universe coincides with the absolute value of the
Riemann zeta-function
∣∣ζ ( 12 + it)∣∣, with spherical geometry being assumed.
45
Note that logarithmic differentiation applied to (14) gives logR(t) = log |Z(t)|
which implies R
′(t)
R(t) =
Z′(t)
Z(t) and hence, (10) takes the form
Gc2
3
ρ(t) =
c2
Z2(t)
+
{
Z ′(t)
Z(t)
}2
. (26)
We also have the simple relation between (9) and (10)
Gp = −2
R′′
R
− G
c2
3
ρ. (27)
By Lemma 2 for t = t0, we obtain
Gp+ G
c2
3
ρ = −2
R′′
R
= 2
∑
γ
1
(t0 − γ)
2 − 2
{
Z ′(t0)
Z(t0)
}2
+O
(
1
t0
)
(28)
or
G
2
(p+ c2ρ) = 2
∑
γ
1
(t0 − γ)
2 −
1
c2
1
Z(t0)
2 +O
(
1
t0
)
. (29)
Now we need to find an interval of time t for which the physical conditions
(13) are satisfied. By Lemma 3 we obtain∑
γ
1
(t0 − γ)
2 >
1
(γ′′ − γ′)
2 > A1(log log log t0)
2
. (30)
From (30) and Lemma 4 we deduce that in a small neighborhood [t0−δ(t0), t0+
δ(t0)] of the point t0 we have
G
2
(p+ c2ρ) > A1(log log log t0)
2
−A′2 exp
(
− logβ t0
)
+O
(
1
t0
)
. (31)
6
Since for large values of t0, the first term on the right supersedes the other two
terms, we conclude Theorem 1. By the inequality between p and ρ, we conclude
that p(t) > 0 for infinitely many small intervals [t0 − δ(t0), t0 + δ(t0)], whence
Corollary 1 follows.
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